PLASTIC DEFORMATION OF A ROUGH SURFACE
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In certain technological problems and, in particular, for the production of heterogeneous
composition materials by the joining of their components in the solid state, an important con-
sideration is the process of formation of physical contact between them, which is accompanied
by plastic deformation of the microrelief at the joined surfaces [1].

The basic model problem of the formation of physical contact is the problem of plastic
deformation of a rough surface of a perfectly plastic body by a smooth rigid stamp [2]. We
discuss the solution of this problem under conditions of plane deformation, treating the
profile H(x) of the rough surface as a realization of a stationary random process.

Following Demkin [2], we approximate the microrelief of the deformable surface by a sys-
tem of wedges. Let N such wedge—-shaped microasperities be situated on a portion of a profile
realization of length L. The process of crumpling of each of them can be described within
the context of the self-similar solution of Hill [3], according to which the area hj of the
resulting contact plateau is proportional to the subsidence ¢ of the stamp and is equal to

hi = 2c(pi (l = 1, 2, eeoy N)y . (l)

where ¢4 = (1 + sin Y4)sec Y1 and Y; is the angle of the centered fan of the field of slip
lines. Here the force pj acting on the wedge is [3]

p; = Ochy = &key;, (i=1,2,...,N), 2)

- where g, = 2k(1 + ¢4i) is the contact stress determined by Hill's solution [3], k is the yield
point in shear, and x4 = (1 + 931)(1 + sin y4)sec ¥4.

We use relations (1) and (2) to construct equations describing the crumpling of the en-—
semble of wedge-shaped microasperities. We enumerate the heights H;{ of the tips of the micro-
asperities on the realization segment L in increasing order from H; to HN and fix the initial

-position of the stamp at height Hy. Moving the stamp downward in arbitrarily small incre-
ments in such a way that each increment of subsidence corresponds to the crumpling of at most
one new microasperity, we determine the total contact area h. For this purpese we partition
the interval of variation of the subsidence ¢ of the stamp into N subintervals as follows:

0<01<HN—HN_1,
Hy —Hy_ <& < Hy— Hy_gp
i (3)

Hy—Hy o <ec,<Hy—Hy _,

HN'—H1<CN.
Suppose that in each of these subintervals the stamp moves throughnj (i =1, 2, ..., N)

successive steps, so that for the l-th subsidence step in the m~th subinterval (I < np) the
subsidence Cp.7 can be written in the form
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The total contact plateau for any fixed position of the stamp in the subintervals (3)
is determined with regard for (1) by the terms of the sequence

h == hN = zci,l(PN’
h=hy+hy =25 05 +2[¢5;,— (Hy —Hy_1)] On—1

N
b= D k=20, 0y +2[c,;—(Hy—Hy_;)]X
i=N—m+1
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On the basis of relation (2) an exactly analogous sequence can be formed, descrlblng
the growth of the contact force in each increment of subsidence of the stamp:
p=py=4kcy ;XN
p=>Py+ Py—y=4tkey Xy T4k [ — (Hy—Hy_ )] An—1s
N AN
p= pi=4kcm’l‘XN+4k[cm,l——(HN—HN__1)] ANt T e T4 [ — (Hy — Hy_ oy )] Ay —mt1r
i=N—m+1 ... (5)

N

p= 21 py=dkey iyt 4k ey, — (Hy — Hy_4)]¥
Fm

XAN—g oo T a4k oy — (Hy —Hy_4)] %

We transform the m—-th terms of the sequences (4) and (5) as follows:

N N1
hpp=20m; 5 9—2 X (Hy—H)q.
i=N—m-1 i=N—m+1
N N—1
Pma=4kemy X w4k X (Hy—Hyy,
i=N—m1 i=NTmt

and calculate the increments of the area of contact Ahy and force Ap, in the I-th step of the
m-th subsidence subinterval:

N

Ak =h_,—~h_,  =2i¢ % o,
m m,l m,l—1 i=1ﬁ—m i (6)
. N
APy = Py = Pm,y = 4kAc I
i=N—m

N N -
Inasmuch as 3, ¢,=m¢ and X X;=my , relation (6) can be written
i=N—m i=N—m

Ak, /Ac = 2m@, Ap,/Ac= 4kmy, (7N
where ¢ and _)Z are the average values over m of the random variables ¢ and yx.

Passing to the limit Ac -+ 0 in Egs. (7), we obtain differential equations describing the
growth of the contact area and contact force in the subinterval [Hy — Hy; Hy — HN—m+1]:

dhm/dc = Zom, dpm/dc = hkym, (8)

where m is the number of asperity tips crumpled by the stamp when it is in the position such
that ¢ = C.

Using the average-value representations of h and p, we integrate Eqs. (8). We obtain
expressions for the average values of_the unit contact area h and unit contact force_p. Using
the initial conditions h(ec = 0) =0, p(c = = 0 and the continuity conditions for h{c) and
p(c) at the endpoints of the subintervals (3), we can represent these solutions in the form

m—1

- — =1
m(c)=2cp% c—2(p-]v—, 2 (HN_HN—i)’

i=1 » (9)
— (C)—'4’t7 Tc_4kl(_‘ 2 (HN_HN—"')

The ratio m/N represents the approximate value of the probability of crumpling of the
m-th microasperity when c¢ = C. We write the difference (Hy — Hy-i) entering into the solu-
tions (9) as follows:

Hy —Hy_,=(Hy — Hy_)) + (Hy_y— Hy_y) + ... + (Hy ;03 — Hy_;)- (10)

We use expression (10) to represent relations (9) in the form

573



§|h|
™~

Im

|
72 H, um n dk///' |
I'n ’ /4
3,6 ;
o L | ylaam
| Y ’ |
0 29 40 éo 80 x, pm 0 08 L6 H,c, um
Fig. 1 Fig. 2
’ m—1
R (c)=2$[ic— _’_AHi],
m v N igi N (11)

: m-—1
= N =l m i
Pm () = 4ky [TC - 21 TV"AHi]a
i=
where AH; = H 44, — Hy_i-
Postulating the existence of a continuous distribution of asperity tips of the profile
£ﬂH) and passing to the limit N - « in relations (1l1), we obtain asymptotic expressions for
h(c) and p(c):

Hpy Hpy Hpy
E(c)=2'c§[c 5 f(H) dH — j ‘ f(H)deH],
Hy—ct Hy—c Hy—c=H
(12)
- Hy Hy Hy
;(c)=4k2lc j f(H)dH — j j f(H)deH].
Hy—c Hy—¢ Hy—c=H

For a perfectly plastic incompressible material, on the basis of the incompressibility
condition it is necessary to limit the subsidence of the stamp to a value Cjy:

¢ < G = H, (13)

Where H is the arithmetic-mean height of the profile H(x). Thus, the solutions obtained
above are defined in the interval 0 < ¢ < H.

For the construction of the solutions (12) it is necessary to determine’'y, @, and f£(H).
The average values of the random variables ¢ and x are calculated by the usual methods of
mathematical statistics, and for the determination of the function f£(H) two approaches are
possible: 1) a theoretical approach based on the Cramér limit theorem [4]; 2) an empirical
approach using statistical methods. According to Hudson [5], the Cramér limit theorem for
. stationary Gaussian random processes can be used to approximate m by the ayverage number of
maxima of the function H(x) situated in a unit interval and exceeding the level Hy — c:

1 K® (0)[ Hy—c¢ p (Hy—c)?
"y TTo ' %\vre —TGXP[—W}—
i VE©) ©) (14)
—1”2—nvp(ZV)q)(zv)(HN___c)qa(zv—i 0!,
véii(Z\:)l \V ) ) )

where K(x) is the correlation function of the profile H(x),
__KO b 5 A
p—K(O)K“)(O)’ ‘D(’”)*zn exp(—— 2)dv

—00

is the @robability integral.
The average number N of maxima in a unit interval of a stationary Gaussian random pro-
cess is defined as follows [6, 4]:

1 K% (0) (15)

N=‘2‘;{ — K" (0).
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Using (15) and (1l4), we obtain the following expression for the probability of crumpling

of the m-th asperity tip:
m (HN"'C\ P [ (HN—")2J
y=i-@ y—‘K(m)“ TP|TTEQ 1T

00

VI Y 22 g <___HN_”) 2v—1) (0).
an%(zv), | o=@

The function f(H) can also be constructed by mathematical-statistical methods in the
analysis of profilograms. Here the form of the distribution function is not subjected to any
constraints, but to obtain a statistically reliable distribution function it is necessary to
process a larger volume of realizations of the profile H(x) than in correlation analysis.

For a profilogram of the surface of an OT4 titanium alloy sample of length L = 1.7 mm
(N = 213), for which a fragment of a realization is shown in Fig. 1, the solutions of Egs.
(12), h(c) and p(c), subject to the constraints (13), are given in Fig. 2.

The plotted curves h(c) and p(c) are completely determined by the initial configuration
of the profile H(x) and agree quite well with the main experimental results in the region of
contact of rough surfaces [2]. For example, the growth of the contact area and contact force
takes place at an increasing rate, primarily as the result of entrainment of newly crumpled
microasperities in the plastic flow. The influence of the growth of the individual contact
areas in the initial period is inconsequential, but increases with subsidence of the stamp.

In application to the problem of producing a composition material in the solid state,
the function p(c) = p(c)N represents a loading program that ensures the formation of physical
contact between the joined components, and h(c) provides a means for determining the corre~
sponding contact density.

The author is grateful to Yu. N. Rabotnov and V. D. Klyushnikov for their interest in
the study.
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